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This paper aims to clarify the distinction between temporal and sta-
tistical fluctuations in statistical mechanics – a point which seems
to be left quite vague in standard expositions of the subject. We
present a measure of temporal fluctuation and show the conditions
necessary to relate this temporal fluctuation to bulk properties of a
material such as heat capacity.

Introduction

Statistical mechanics bills itself as a science of complexity,
where the deterministic motions individual atoms are lost

in a sea of chaotic behavior that forces us to turn to statis-
tics in order to make any progress. It is only natural that
these chaotic fluctuations play a central role in the theory.
Indeed, some authors use the idea of constant fluctuations as
the foundation for all of statistical mechanics and thermody-
namics (1).

Yet despite the important role they play in the theory,
many expositions of statistical mechanics are conspicuously
vague when it comes to defining what we mean by a fluctu-
ation. Most authors simply list the variance as a measure of
fluctuation, but the variance measures a type of fluctuation
very different from the kind we alluded to above. Instead of
measuring a temporal fluctuation of some quantity through
time, the variance measures the statistical fluctuations of a
quantity: the average deviation from the mean when we mea-
sure a large number of identical systems prepared in the same
state. It is more a measure of uncertainty than a measure of
underlying fluctuations.

In order to make this idea more concrete, imagine that
we flip a coin and then immediately cover the coin with our
hand. No one will know the result until we uncover it. The
coin can be viewed as a random variable X, which takes the
value X = 1 if heads and X = −1 if tails. The variance of X
is simply (∆X)2 = 1, but it would be wrong to think of this as
a measure of fluctuations. The coin has already been flipped
and is sitting motionless underneath our hand! In no way is
it fluctuating between various values of heads or tails before
we uncover it – its temporal fluctuations are zero. While this
example is admittedly quite artificial, it shows that statistical
and temporal fluctuations need not be the same in all systems.
This idea is best summed up by a quote from S.F. Gull (2).

It is a common misconception that just because we
are uncertain about the value of a quantity does not
mean that it must be fluctuating! If it was fluctuating,
then this is a good reason to be uncertain of its value,
but there is no a priori reason for this to be the case.

Fortunately, for many of the systems studied in statisti-
cal mechanics it is relatively easy to give sufficient conditions
to ensure that the temporal and statistical fluctuations are
identical. This is the goal of the next section.

Statistical vs Temporal
We consider a system with some observable F . Common ex-
amples include energy, volume, magnetization, etc. Note that
if F can change in time, we should speak of the value of F
at a certain time t for this concept to be well-defined. This
yields a function F (t) giving the value of this observable at
each instant of time. What we really mean by F then is just

the value of F right now (which we can take to be t = 0):

F ≡ F (0) . [1]

We can now define the ensemble average of F , which we de-
note by angle brackets:

〈F 〉 ≡
∑

x

xP (F = x) . [2]

This is the average obtained by preparing a large number of
identical systems and measuring F . A related concept is the
time average

F ≡ 1

T

∫ T

0

F (t)dt , [3]

which is the average obtained by successive measurements of
F on the same system at different instants of time. There
is no apriori reason why the ensemble and time averages
should be equal. However, for an equilibrium system, we have
〈F (t)〉 = 〈F (0)〉, so we obtain

〈F 〉 =
1

T

∫ T

0

〈F (t)〉dt = 〈F 〉 . [4]

In other words, while the ensemble and time averages are not
always equal in general, they are equal on average. Since the
common interpretation is that we actually measure F , this
lets us connect repeated experimental measurements with our
calculated ensemble averages.

Now for the slightly harder topic of uncertainty and fluc-
tuations. A common measure of uncertainty in a random
variable is given by the variance:

(∆F )2 ≡ 〈(F − 〈F 〉)2〉 = 〈F 2〉 − 〈F 〉2 . [5]

Recalling our definition of F from Eq. (1), this equation ac-
tually stands for the uncertainty in F (0):

(∆F (0))2 ≡ 〈(F (0)− 〈F (0)〉)2〉 = 〈F (0)2〉 − 〈F (0)〉2 . [6]

If we wish to examine the fluctuations of F (t), a good
definition would be

(δF )2 =
1

T

∫ T

0

(F (t)− F )2dt , [7]

i.e., the time averaged squared deviation from the time aver-
age. Note that

〈(δF )2〉 =
1

T

∫ T

0

〈(F (t)− F )2〉dt [8]

=
1

T

∫ T

0

〈F (t)2〉+ 〈F 2〉 − 2〈F (t)F 〉dt [9]

If the system is in equilibrium, 〈F (t)2〉 = 〈F 2〉 and we obtain

〈(δF )2〉 =
1

T

∫ T

0

〈F 2〉+ 〈F 2〉 − 2〈F (t)F 〉dt [10]

= (∆F )2 + (∆F )2 +
2

T

∫ T

0

〈F 〉2 − 〈F (t)F 〉dt[11]

[12]
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Thus, the average fluctuation of a quantity is not equal
to the uncertainty in that quantity unless the uncertainty in
the time average is zero. Under the ergodic hypothesis, we
assume that the system visits every possible state during any
measurement, so the time average is exactly equal to 〈F 〉. In
this case, we have

〈(δF )2〉 = (∆F )2 [13]

which is really cool – it connects the average fluctuation of an
observable over a period of time with the uncertainty we have
about that observable right now!

Bulk Properties
How does this connect to bulk properties like heat capacity?
Remember that in the canonical ensemble, 〈E〉 is given by a
derivative of the log of the partition function:

−∂ ln Z

∂β
=

∑
i Eie

−βEi

Z
[14]

=
∑

i

EiP (E = Ei) [15]

= 〈E〉 [16]

The heat capacity is just the derivative of 〈E〉 with respect to
temperature, or

kT 2Cv = −∂〈E〉
∂β

=
∂2 ln Z

∂β2
[17]

We can evaluate this last derivative explicitly:

∂2 ln Z

∂β2
=

∑
i E2

i e−βEi

Z
−
∑

i Eie
−βEi

Z2

∂Z

∂β
[18]

=

∑
i E2

i e−βEi

Z
−

(∑
i Eie

−βEi

Z

)2

[19]

=
∑

i

E2
i P (E = Ei)−

(∑
i

EiP (E = Ei)

)2

[20]

= 〈E2〉 − 〈E〉 [21]

= (∆E)2 [22]

Thus, if we accept the ergodic hypothesis, the average
energy fluctuations (through time) are related to the heat ca-
pacity by

〈δE2〉 = kT 2CV [23]

which is quite a remarkable fact!
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